Monolayer graphene in a strong magnetic field exhibits quantum Hall states at filling fractions ν = 0 and ν = ±1 that are not explained within a picture of non-interacting electrons. We propose that these states arise from interaction induced chiral symmetry breaking orders. We argue that when the chemical potential is at the Dirac point, weak onsite repulsion supports an easy-plane antiferromagnet state, which simultaneously gives rise to ferromagnetism oriented parallel to the magnetic field direction, whereas for |ν| = 1 easy-axis antiferromagnet and charge-density-wave order coexist. We perform self-consistent calculations of the magnetic field dependence of the activation gap for the ν = 0 and |ν| = 1 states and obtain excellent agreement with recent experimental results.
Non-interacting electrons hopping on graphene's honeycomb lattice give rise to a Dirac semimetal. There have been theoretical proposals that strong electron-electron interactions can lead to a variety of broken symmetry gapped strong-coupling phases in monolayer graphene (MLG) [1] [2] [3] , but their experimental detection has remained elusive with graphene seemingly behaving as a weak-coupling system down to the lowest achievable experimental densities in the absence of an external magnetic field [4] . The formation of interaction-driven ordered phases can be catalyzed by quantizing magnetic fields that enhance the effect of electron-electron interactions by quenching the kinetic energy into a set of highly degenerate Landau levels (LLs) [5, 6] . At low magnetic fields Hall plateaux are observed for ν = ±(4n+2), which can be understood within a non-interacting electron picture as arising from fourfold valley and spin degenerate two dimensional Dirac fermions [7] [8] [9] . At higher magnetic fields, additional plateaux appear at ν = 0, ±1 and ±4 [10] . The ν = ±4 plateaux most likely arise from magnetic field induced single-particle Zeeman splitting of the LLs, whereas the appearance of ν = 0, ±1 states strongly suggests that the fourfold valley and spin degeneracy is lifted by interaction driven broken symmetry phases within the zeroth LL (ZLL) [10] [11] [12] [13] [14] [15] [16] [17] .
The ZLL is distinct from other LLs in MLG because it is simultaneously valley and sublattice polarized. A variety of broken symmetry phases that can cause splitting of the ZLL have been proposed [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] , which fall into two classes: (i) chiral symmetry breaking (CSB) orders that break only the sublattice symmetry, such as antiferromagnetic (AFM) and charge-density-wave (CDW) order [1, 2, 23, 24] , and (ii) a "valley-odd" quantum Hall ferromagnet (QHFM) [5, 26, 27] . A careful analysis of energetics is therefore required to determine which broken symmetry phase is actually favoured at low temperatures. In this Letter we point out that it is important to consider the influence of all of the filled LLs, not just the ZLL, in order to determine which specific symmetrybroken ordered phase is energetically stabilized in the quantum Hall situation (i.e., LL-coupling is essential in the theory). For a magnetic field of strength B, the filled non-interacting LLs at − √ 2nB, with n = 1, 2, · · · , are pushed down to − 2nB + ∆ 2 c in the presence of a CSB order (∆ c ) [29, 30] , while for QHFM order (∆ Q ) they split into − √ 2nB ± ∆ Q , which therefore lowers the energy only by splitting the ZLL. Thus, the total energy of the filled sea of Dirac LLs is maximally lowered by the formation of CSB orders. This is strikingly different from quantum Hall phenomena in non-relativistic twodimensional systems, such as GaAs, where Hall states appear only within the first few LLs, so filled LLs play a minor role at high magnetic fields where the LL-coupling is negligible [31] . Hence, for experimentally accessible fields (B 50 T), when ∼ 100 filled LLs lie inside the ultraviolet cutoff (Λ) for the effective Dirac dispersion, it is not sufficient to make a ZLL approximation for MLG to distinguish different forms of ordering. Even though CSB ordering dominates in the ZLL, QHFM ordering plays a role in removing the valley degeneracy from higher LLs (n ≥ 1) [27] , e.g. yielding Hall plateaux at ν = ±3 [32] .
The dependence of the quantum Hall activation gaps at fillings ν = 0, ±1 on magnetic field has been established via multiple experimental techniques: compressibility [12] , transport [14] and capacitance [13] . Together these experiments show that in perpendicular magnetic fields the activation gap for the ν = 0 Hall state exhibits a crossover from linear [14] to sub-linear [13] to an almost √ B [12] scaling (see Fig. 1 ), which is not captured by the simple estimate of a √ B variation of the gap due to the long range Coulomb interaction. These results motivate our exploration of the nature of the underlying broken symmetry phases within the ZLL of MLG in a magnetic field, in which we take into account the finite range components of the Coulomb interaction.
Our main results are:
• We provide an explanation for the origin of the quantum Hall states at ν = 0, ±1 as arising from interaction driven CSB orders induced by a magnetic field.
• We calculate the magnetic field dependence of the activation gap self-consistently and obtain quantitative agreement with experiments at ν = 0, ±1 and show that the conflicting scalings of the gap with magnetic field observed in different experiments [12] [13] [14] can be unified within a single framework.
• Our proposed scenario is shown to be consistent with experiments performed in tilted magnetic fields [14] .
The strongest short-ranged component of the Coulomb interaction in MLG is most likely the onsite repulsion [33] which has been predicted to result in an AFM state for fermions on a hexagonal lattice in the strong coupling limit [2, 34] . In pristine graphene at zero magnetic field, the interaction strength is insufficient to induce this ordering, but at non-zero field, AFM ordering can take place even for infinitesimal onsite interactions and supports a ν = 0 Hall state [23, 24] . The presence of a magnetic field also leads to single-particle Zeeman coupling (λ) of the electron spin to the field which projects the AFM order ( N ) onto the easy-plane perpendicular to the applied magnetic field and simultaneously supports ferromagnetic (FM) order (m) parallel to the field [24, 35] .
We now describe our theory. In the presence of AFM and FM orders the Dirac LLs occur at energies ±E n,σ , where [24] ) when n = 0 [36] . At half-filling all the LLs at negative (positive) energies are completely filled (empty). Allowing for both AFM and FM orders, the free energy is [24, 35] 
where g a (g f ) are the short-range components of the Coulomb interaction, such as on-site Hubbard repulsion, that support AFM (FM) order [36, 37] . The sum over n ≥ 1 in F 0 is the contribution from filled LLs. For any non-trivial Zeeman coupling (i.e. λ = 0) F 0 is minimized when N 3 ≡ 0 [24, 35] . Therefore, the Zeeman coupling restricts the AFM order to the easy-plane and simultaneously allows FM order parallel to the magnetic field. Taking N 3 = 0, minimizing F 0 with respect to N ⊥ and m leads to the coupled gap equations
FM order splits all the filled LLs, including the zeroth one, while easy plane AFM order pushes down all the filled LLs as well as splitting the ZLL. Thus the contribution from the filled LLs with n ≥ 1 in the first (second) gap equation add up (cancel). Consequently, the second gap equation is free of divergences, but the first one exhibits an ultraviolet divergence which can be regularized by introducing δ a = π (g a Λ)
−1 [23, 38] , where (g
is the zero magnetic field critical onsite interaction strength for AFM ordering [2, 34] . The gap equations can then be rewritten as
where
i (x, y) with i = 1, 2, 3 and f m (x, y) can be obtained straightforwardly from Eqs. (3) and (4) [36] .
FIG. 1: (Color online)
Scaling of pure AFM order (black) at zero magnetic field criticality (δa = 0). Red, blue, and magenta points show the observed gaps in Refs. [12] , [13] , and [14] respectively and the lines show fits to the ∆0 data. The magnetic field (B) is measured in units of B0 ∼ Λ 2 ∼ 10 4 T, the field associated with lattice spacing. ∆0 is measured in units of Ec = vF Λ. Inset: Dependence of ∆0 on δa at several different values of B and for δ f = 0.05.
With underlying easy-plane AFM order the total gap for the ν = 0 Hall state is ∆ 0 = N 2 ⊥ + (λ + m) 2 . We solved Eqs. (5) and (6) numerically to find N ⊥ , m and ∆ 0 , and fitted our results to data from Refs. [12] [13] [14] . The fitting parameters are δ a and δ f , which determine the dependence of the gap on the magnetic field. The quality of the fits is primarily governed by δ a with little sensitivity to δ f . As shown in Fig. 1 , we obtain very good agreement between our calculated gaps and the data. We also show that as δ a decreases, corresponding to an increasing strength of subcritical onsite repulsion, the scaling of ∆ 0 with B shows a smooth crossover from linear to almost √ B scaling. The gap is primarily determined by the easy plane AFM order (N ⊥ ), with very weak accompanying FM order (m ≪ N ⊥ ), and we obtain good agreement with experiments if we only assume AFM order: m = λ = 0 and ∆ 0 = | N | [36] . Hence we conclude that FM order changes the nature of the AFM state with little effect on energetics. Nevertheless, the existence of FM order at ν = 0 leads to nontrivial consequences for the ν = 1 Hall state, which we discuss later.
The values of δ a that we determine from the experimental fits are consistent with our expectations for the different experiments. The size of the gap should depend on the strength of interactions, which are expected to be stronger in suspended graphene [12] than for graphene placed on a substrate (the substrate was BN in Refs. [13, 14] ). Our results also unify the observed linear and sublinear scaling of the gap with magnetic field, illustrating that the form of scaling depends on the strength of short-range interactions. Varying the strength of interactions can provide additional tests of our proposal of CSB order in the ν = 0 Hall state by: (i) changing the substrate -higher dielectric constants will lead to weaker interactions and a more linear dependence of the gap on magnetic field; (ii) gating the MLG (e.g. through a second closely spaced graphene layer with tunable density to screen the primary layer), which allows the strength of interactions to be varied in situ. The inset to Fig. 1 shows the dependence of the gap on δ a at fixed magnetic field, illustrating this point. The evolution of the ν = 0 Hall state in a tilted magnetic field provides an additional constraint on our theory. The perpendicular component of the field (B ⊥ ) gives rise to the Dirac LLs, while the Zeeman coupling scales linearly with the total magnetic field, B T . In Fig. 2 we show the dependence of the FM order, m, and the gap ∆ 0 on parallel magnetic field for 0 T < B < 50 T at values of δ a , δ f obtained from our fits to data from Ref. [14] at various fixed values of B ⊥ . We see that FM order increases roughly linearly with B for B 2 T, whereas N ⊥ and ∆ 0 are insensitive to B [36] . Thus we can safely rule out the possibility of a transition from the easy-plane AFM to a pure FM state with tilting of the magnetic field.
A pure FM state in the ZLL of graphene supports two gapless counter-propagating edge modes, giving Hall conductivity σ xy = 2e 2 /h [39, 40] , whereas the easy-plane and pure AFM phases have fully gapped edge modes. However, the gap for the edge modes will decrease with increasing FM component in the easy-plane AFM state. Therefore, as B is increased at fixed B ⊥ we can expect R xx to decrease, as observed in experiment [14] . A measurement of the local density of states in the bulk, e.g. by using scanning tunneling microscopy (STM), could test our prediction that the total gap ∆ 0 is insensitive to a tilted magnetic field and would provide a strong test of our proposed scenario for the ν = 0 Hall state.
In the presence of easy-plane AFM order, the two spin projections in the ZLL are localized on opposite sublattices. Thus, when the chemical potential is placed close to the energy of the first excited state, ∆ 0 , AFM ordering parallel to the applied magnetic field, N 3 , simultaneously lifts the residual sublattice and staggered spin degeneracy, and gives rise to a ν = ±1 quantum Hall state. We find the excitation gap for the ν = 1 Hall state by expanding E 0,σ in Eq. (1) to leading order in N 3 [24] :
The lifting of the sublattice degeneracy by N 3 at ν = 1 supports CDW ordering (C), which is another CSB order and a natural ground state for graphene in a magnetic field for weak nearest-neighbor (NN) repulsion (V 1 ). Therefore, the total activation gap for the ν = 1 Hall state, ∆ 1 , will have a spin contribution ∆ With underlying CDW order, the Dirac LLs are at E C n = ± √ 2nB + C 2 for n = 0, 1, 2, · · · , and for chemical potential close to the first excited state the free energy is
with respect to C, we obtain a self-consistent gap equation which exhibits an ultraviolet divergence because the CDW order pushes down all the filled LLs with n ≥ 1. Similarly to ν = 0, we can regularize this divergence by defining δ c = √ π (g c Λ)
is the critical strength of NN repulsion for CDW ordering at zero magnetic field [38] . The gap equation is
The scaling of the gap with perpendicular magnetic field, obtained by solving Eq. (8) for several values of subcritical NN interaction (δ c > 0), is shown in Fig. 3 . The calculated gaps are quite similar in magnitude to those obtained experimentally in Refs. [13] and [12] for δ c = 0.06 and 0.08 respectively. The range of the Coulomb interaction for the CDW ordering at ν = 1 is longer than that for the easy-plane AFM at ν = 0, and hence we take into account the effect of its long range tail, which provides a logarithmic correction to the Fermi velocity, [38] . Hence the gap ∆ 1 , when measured in units of E c = v F Λ, also acquires a logarithmic correction. Upon including this correction we obtain excellent agreement with experimentally observed scalings reported in Ref. [13] and Ref. [12] for B * = 8 T and 7.5 T, respectively, as shown in the inset to Fig. 3 .
As seen above, CDW order scales with B ⊥ but not B and hence ∆ ch 1 is independent of B . From Fig. 2 it is clear that m ∼ B while ∆ 0 is essentially independent of B for fixed B ⊥ . The Zeeman coupling (λ) scales linearly with B T and N 3 ∼ B ⊥ . Thus we expect the total activation gap for the ν = 1 Hall state, ∆ 1 , to vary linearly with B for fixed B ⊥ since ∆ sp 1 ∼ (m + λ) in Eq. (7). Recently, scaling of the gap at ν = 1 has been explored in tilted magnetic fields for various fixed values of B ⊥ , showing linear scaling with B T . However, the observed slope is larger than that for single-particle Zeeman coupling [14] . Our proposed scenario for the existence of an underlying spin gap (∆ sp 1 ) due to finite N 3 , immediately provides an explanation for the observed enhanced slope for the ν = 1 Hall state in a tilted magnetic field.
Alternatively the ν = 1 Hall state can be formed through the generation of two components of Kekule bond density wave (KBDW) order, which lift the degeneracy of the ZLL by forming linear combinations of the ZLL states localized on opposite sublattices. These orders, together with the CDW order constitute an SU (2) vector. Hence, as suggested recently [12] , a skyrmionic excitation of such an SU (2) order can, in principle, be realized at ν = 1. However, KBDW order can only be realized when NN and next-NN repulsions are comparable [41, 42] , while CDW is the natural ground state for NN Coulomb repulsion. In addition, the onsite repulsion supports a finite N 3 at ν = 1, which in turn gives rise to CDW order. Hence, short-range components of the Coulomb interaction introduce a strong anisotropy among the components of this SU (2) vector, which may preempt the appearance of skyrmionic defects at ν = 1. The proposed CDW order at ν = 1 could, for example, be established by using sublattice resolved STM measurements, and the easy-exis AFM order could be probed using spin-resolved STM.
To summarize, we address the nature of the broken symmetry phases at ν = 0, ±1 in MLG, and establish excellent agreement with recent experiments in perpendicular and titled magnetic fields [12] [13] [14] . At ν = 0, onsite repulsion leads to easy-plane AFM order and FM order aligned with the applied field. We mention here that this state has some superficial similarity with the interlayer canted antiferromagnetic quantum Hall state in bilayer GaAs [43] considered for even integer filing factors, but the physical origin as well as the nature of the phase is completely different in the MLG compared with the bilayer GaAs system. The ground state at ν = 1 simultaneously supports an easy-axis AFM and a CDW, favored by onsite and NN repulsions respectively. Our findings may also have implications for the fractional quantum Hall effect in MLG within the ZLL. With sublattice and spin degeneracies completely lifted by spontaneous orderings, we expect to observe the standard Jain sequence of fractional Hall plateaux in ZLL at fillings ν 0 = ± m 2mq±1 and ν 1 = ±(1 + ν 0 ), where 2q counts the flux quanta attached to electrons and m is an integer [44] . Although a variety of fractional plateaux from ν 0 have been observed in experiments [15, 16, 45] , typically the even numerator fractions are more stable than the odd ones for ν 1 [17] . This peculiar behavior may follow from our picture in which there is both spin and charge ordering in ν = 1 but with a much larger charge gap than spin gap. Since the spin gap at ν = 1 scales with B T but the charge gap scales with B ⊥ it might be possible to stabilize odd numerator fractions by increasing B at fixed B ⊥ .
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I. THE LANDAU LEVEL SPECTRUM, INTERACTION HAMILTONIAN AND BROKEN SYMMETRY PHASES IN MONOLAYER GRAPHENE
The low energy degrees of freedom of monolayer graphene reside in the two valleys centered on the two inequivalent Dirac points ± K at the edges of the Brillouin zone. The two valley degrees of freedom, along with two sublattice and two spin degrees of freedom mean that the states can be represented as an 8-component spinor, defined as
, with | q| ≪ | K|, where u σ and v σ are the fermionic annihilation operators on the two sublattices of the honeycomb lattice and σ =↑, ↓ the two projections of electron spin. This spinor representation is invariant under the rotation of electron spin. In this basis the Dirac Hamiltonian in the presence of a quantizing magnetic field oriented perpendicular to the two-dimensional graphene sheet takes the form
where λ = gµ B B is the Zeeman coupling, and the magnetic field B = ∇ × A. The first 2×2 matrix operates on the spin index, whereas the second 4×4 matrix acts on valley and sublattice degrees of freedom. We choose to work with 4-component γ matrices defined as
In the absence of Zeeman coupling, the spectrum of H[ A] is composed of a set of Landau levels (LLs) at well separated energies ± √ 2nB. The degeneracy of the LLs is 1/(πl 2 B ) for n ≥ 1 and 1/(2πl 2 B ) for n = 0. The short range part of the Coulomb interaction can be represented by a repulsive onsite Hubbard term
where n(A/B) σ represents the fermionic density on sublattice A/B with spin projection σ. The Hubbard interaction can also be written as [1] 
where n(A) = u † σ u σ , and m(A) = u † σ σ σσ ′ u σ ′ are the electronic density and magnetization on the sites of the A sublattice respectively. Analogous quantities on the B sublattice are defined in terms of the fermionic operators v † σ and v σ . The first term in Eq. (11) is the total fermionic density and the second one represents the staggered density. The third term gives the total magnetization and the fourth one corresponds to the staggered magnetization. Therefore, onsite repulsion can lead to both ferromagnetic (FM) and antiferromagnetic (AFM) orders. In the absence of a magnetic field, the appearance of an AFM state at strong Hubbard repulsion preempts the formation of a FM state. [2] However, in the presence of a magnetic field, the Zeeman coupling term immediately gives rise to FM order. We define the order parameters for AFM and FM order as N = ( m(A) − m(B)) , and m = ( m(A) + m(B)) respectively and set the magnetization to be aligned parallel to the applied magnetic field, i.e. m → m 3 = m. With these two order parameters the effective single particle Dirac Hamiltonian in the presence of the magnetic field is
Diagonalizing this Hamiltonian one obtains the spectrum of the Dirac LLs in the presence of AFM and FM orders, shown in Eq. (1) in the main text.
II. GAP EQUATIONS FOR THE EASY-PLANE ANTI-FERROMAGNET PHASE
In this section we present some details of the derivation of the gap equations, shown in Eqs. (5) and (6) of the main text. The free energy in the presence of both easy-plane AFM (N 3 = 0) order and FM order is
as shown in Eq. (2) of the main text, and
Minimizing the free energy F 0 with respect to N ⊥ and m we obtain two coupled gap equations shown in Eq. (3) and (4) of the main part of the paper
As mentioned in the main text, Eq. (14) has an ultraviolet divergence, for which we now demonstrate the regularization. Define a function
In terms of this function, Eq. (14) may be written as
The quantity in square brackets is divergence free, and the divergence of the gap equation is captured in F [N ⊥ , 0]. The second and third terms can be combined to give
and then Eq. (14) reduces to
where we have introduced y = B/N 
On the other hand, the second gap equation, Eq. (15) does not suffer from any ultraviolet divergence. Therefore, the two gap equations, after proper regularization, can be written compactly as 
III. ADDITIONAL NUMERICAL RESULTS
We now display some additional numerical results that we have quoted in the main text. We stated that in the easy-plane antiferromagnet state, both FM (m) and AFM (|N ⊥ |) orders are non-zero, and for any sub-critical strength of the onsite repulsion, |N ⊥ | ≫ m, as illustrated in Fig. 4 .
We now consider the situation when the magnetic field is not perpendicular to the plane of graphene, but oriented in an arbitrary direction. In this case, the perpendicular component of the magnetic field gives rise to Dirac LLs, whereas the Zeeman splitting couples to the total magnetic field. In the presence of such tilted magnetic fields, we showed in the main text that magnetization scales roughly linearly for B > 2 T (recalling that a field of B = 0.0002B 0 ∼ 2 T) for B ⊥ = 2T, 4T, 8T, 16T and 32T. We also showed that the total gap at the charge-neutrality point (∆ 0 ) does not change as one increases B for fixed values of B ⊥ . We also stated that the easy-plane component of the AFM order (N ⊥ ) is insensitive to tilting of the magnetic fields. In Fig. 5 we take the opportunity to display the scaling of these three quantities, confirming our statements in the main text. 
